The aim of the present paper is to associate a new symmetric boundary integral method to well known symmetric domain methods with the purpose of improving solutions of multi-eld problems with coupled boundary and domain methods. From a single-eld variational principle for a 3D linear, elastodynamic state a three-eld hybrid principle is developed by Hamiltons principle and decoupling displacements in the domain from those on the boundary. Compatibility is enforced in a weak sense. For investigating steady-state vibrations the functional is transformed in the frequency domain. Superimposed singular fundamental solutions of the Lam e-Navier eld equations generated by Dirac functions and weighted by ctitious loads are used as test functions in the domain. In the absence of body forces they cancel the remaining domain integral in the hybrid principle and lead to a boundary integral formulation. The boundary variables are discretized by boundary elements. A symmetric dynamic sti ness matrix equation is gained which relates nodal displacements and tractions on the boundary. An application of the hybrid boundary integral method is derived. Because acoustic and hydroacoustic radiation in 2D is predominantly generated by bending waves, the 3D hybrid method is adopted for 1D beams. As the boundary of a nite beam degenerates to two nodes no shape functions are needed. This is why the theory is shown to give analytical results of dynamical beam analysis.
Introduction
Coupling of di erent discretization methods is a means to increase computational e ciency for muliteld problems, such as uid-structure interaction. Advantages can be gained by combining FiniteElement-Methods (FEM) with Boundary-Element-Methods (BEM). For the sake of computational e ciency the system matrices of both methods should be symmetric. Common BEM, such as the collocation and the Galerkin method 1, 3] lead to nonsymmetric matrices so that symmetric solvers can no longer be used. The Bubnov-Galerkin BEM 12] gives symmetric matrices but the double integration over spatial shape functions requires considerable numerical e ort.
An alternative approach, other than BEM based on integral equations, emerges from variational principles of solid mechanics and leads to symmetry by construction. The principle of minimum potential energy and the principle of minimum complementary energy 14] contain only one unknown eld, the displacement and the stress eld, respectively. By relaxing continuity between the elds on the boundary and those in the domain two multi-eld variational principles have been formulated. Emerging from these variational principles, two Hybrid Boundary Element Methods (HBEM) have been developed for elastostatics, the Hybrid Displacement Model 2] and the Hybrid Stress Model 4], respectively. The generalization of the Hybrid Displacement Method from elastostatics to elastodynamics based on Hamiltons principle was introduced in 5].
Below, the HBEM for 3D elastodynamics is outlined and thereafter applied to steady-state dynamics of beams. A multi-eld extremum principle for a beam is derived from Hamiltons principle . The fundamental solution for an in nite beam is used as test function. Formulations for the independent data on the boundary nodes and in the domain are given. With these the beam functional yields a symmetric algebraic system of equations for the deformation and force variables on the boundary nodes. The corresponding dynamic sti ness matrix is symmetric and equals the one gained with FEM formulations 13]. The frequency response functions of nodal deformation and force variables for a beam with arbitrary boundary conditions are given analytically in terms of an arbitrary line load. Field variables can be computed from the remaining system of equations with the known boundary data.
Hamiltons Principle in Spatial Elastodynamics
The HBEM is derived from Hamiltons principle. The principle requires the functional
(1) to yield a stationary value with the Lagrangian L = T ? U: (2) for a conservative system, where T is the kinetic energy and U is the potential of internal and external In equation (3) u i are the displacement coordinates, ij and " ij are stress-and strain-tensor coordinates, respectively. Both tensors depend on the displacement vector via kinematic and constitutive relations, thus u i is the only independent eld in the functional. The given body forces are described by b i . The mass density is denoted as . The displacement eld has to ful ll the essential boundary condition u i = u i on ? u ; (4) since the traction boundary condition t i = t i on ? t turns out to be the natural boundary condition of the principle (1).
Initial conditions for the displacement and the velocity eld are given by u i (x j ; t = t 0 ) = u i0 (x j ) _ u i (x j ; t = t 0 ) = _ u i0 (x j ) in :
The displacement eld has to ful ll the conditions (4) and (5) 
Stationarity of the hybrid functional yields the equations of motion as Euler-Lagrange equations and the natural boundary conditions lead to an interpretation of the Lagrange multipliers i as tractions t i on the boundary ? enforcing the compatibility condition (6) i =t i : (8) Thus the functional now involves three independent elds, the displacement eld in the domain u i , the displacement eld on the the boundaryũ i and boundary tractionst i . The essential boundary conditions (4) and the initial conditions (5) have to be ful lled.
Hybrid BEM in Elastodynamics
By choosing proper approximations for the displacement and stress-elds, the variational principle (7) can be reformulated so that only boundary integrals remain in the absence of body forces b i .
Integration by parts of the kinetic energy with respect to time and taking into account that u i (t 0 ) and u i (t 1 ) are equal to zero yields
The elastic energy is reformulated by spatial integration by parts and by applying the divergence theorem. With Cauchys formula t i = n j ji , components n j of the outward normal of the surface ? and ij " ij = ij u i;j follows 
In what follows steady state vibrations are treated by separating the three independent elds u i ,ũ i , t i in (11) in space and harmonic time dependency, e. g. u i (x j ; t) = Refû i (x j ; !) e i!t g: (12) As the time dependency drops out, the notation of complex amplitudes byû i (x j ; !) is omitted.
The approximation of the displacement eld u i (x j ; !) at a eld point x j in the domain is given as a superposition of fundamental solutions u n ki (x j ; !) weighted by unknown parameters s
The fundamental tensor is a solution of the Lam e-Navier equations for a Dirac load with harmonic time dependency in an unbounded domain. A ctitious load s is applied at node n of a boundary discretization in k direction. The total number of nodes is N. The index s is computed by s = 3(n ? 1) + k. In matrix notation equation (13) can be written as
where u is the displacement vector in the domain, U is a 3N 3 Matrix of fundamental solutions and is the 3N 1 vector of ctitious nodal loads. The traction discretization follows from the constitutive equation with the displacement eld (14)
The matrix T contains fundamental solutions for the traction eld. As weighting factors, the same vector of ctitious loads as in equation (14) is used.
The displacement and traction elds on the boundary,ũ(x; !) andt(x; !), respectively, are approx- 
Hybrid Boundary Integral Formulation in the Frequency Domain
To investigate steady state vibrations, the independent elds are separated in space and timedependent functions, e.g.
w(x; t) = Re nŵ (x; !) e i!t o ;
tranforming equation (27) to the frequency domain. The notation of complex amplitudes by() is omitted as after equation (12). 
As the boundary consists of two nodes only, no shape functions on the boundary are needed. But to keep a consistent matrix formulation of equation (27) Inserting the displacement fundamental solution w (x; ) and excluding the load points at = 0 and = l by shrinking the domain by a small ", the remaining integral in (27) vanishes in the limit when " tends to zero 
